WORKSHEET 15

Vertices, Edges, and Féces

The data of a graph includes only vertices and edges. However, if
we draw a graph on the plane with no edges crossing over other edges
(i-e. a planar graph), we can also consider what is left of the plane once
we remove the graph. The regions left over once we remove the graph
are called the faces. We include the outer region as one of the faces.
For instance, the planar graph in Figure 1] has 6 faces, as marked.

Figure 1. A planar graph with faces marked.

PROBLEM 15.1. Draw several planar graphs and count the number
V of vertices, E of edges, and F of faces in each. Do you notice any
patterns?

As you probably noticed (spoiler alert!), it appears that if a planar
graph is connected, then V — E+ F = 2. We will now explain this fact.

PROBLEM 15.2. Given a graph with one vertex and no edges, com-
pute the values of V,E,F,and V — E + F.

Now, let’s imagine adding edges to this graph, one at a time, seeing
how this affects the value of V — E+ F. We will assume throughout the
rest of the worksheet that all graphs under consideration are connected
and planar.

PROBLEM 15.3. Suppose we add an edge between two existing ver-
tices that don’t already share an edge, without adding crossings. How
does this operation affect the values of V,E,F, and V — E + F?
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Figure 2. Connecting houses to utilities.

PROBLEM 15.4. Suppose we add a new vertex to the graph. To
keep the graph connected, let’s connect it to one other vertex with
an edge. How does this operation affect the values of V, E, F, and
V—-E+F?

Now, let’s go the other way, removing edges one by one.

PROBLEM 15.5. Suppose we start with a planar graph and remove
an edge without disconnecting the graph. How does this operation
affect the values of V, E, F, and V — E + F?

PRrROBLEM 15.6. The edge we remove might be the only edge ad-
jacent to one of its vertices. When this happens, we also remove this
vertex, known as a leaf. (If the graph contains just two vertices and one
edge, then we only remove one of the leaves, so that the graph remains

~connected.) How does this operation affect the values of V, E, F, and

V-E+F?

PROBLEM 15.7. Show that if a connected planar graph has at least
two vertices, then there exists some edge that we can remove as in the
previous two problems without disconnecting the graph.

PROBLEM 15.8. Show that V — E+ F = 2 for any connected planar
graph.

Let’s now see a few classic applications of this formula.

PROBLEM 15.9. Suppose we have three houses, and we wish to
connect each of them to the water, gas, and electricity providers, with
a separate line from each house to each company. Is there a way to
make all nine connections without any of these lines crossing over any
others? Figure 2/ shows a way to do it with several crossings. We call
this graph K3 3.

PROBLEM 15.10. Is there a planar graph with 5 vertices, with an
edge between every pair of vertices? We call this graph Ks.

PROBLEM 15.11. Show that if G = (V, E) is a connected planar
graph, then £ < 3V — 6.
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DEFINITION. The degree deg(v) of a vertex v of a graph is the
number of edges containing it.

PROBLEM 15.12. Show that if G is a planar graph, then it has a
vertex v with deg(v) < 5.

If we take a plane and bunch it up so that the points far away meet
at a point at oo, then we end up with a (possibly distorted) sphere, so
we can think of a sphere as being a plane together with an extra point
at oco. Thus any planar graph can be considered instead as a spherical
graph, and again we have V — E + F = 2. For any spherical graph, we
can think of it as being a planar graph by making sure that the point
at oo is in the interior of some face, after which that face becomes the
outer face of the corresponding planar graph.

Now, if we take the outside of any convex polyhedron, then we can
inflate it to a sphere, in which case we have a spherical graph.

PrOBLEM 15.13. Use the formula V — E + F = 2 for spherical

graphs to find an expression for V, E, F' for Platonic solids in terms of
the Schléfli symbols {p, ¢}.

PROBLEM 15.14. Suppose we have a convex polyhedron made up of
only pentagons and hexagons. How many pentagons must it contain?
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