WORKSHEET 2

The Thue—Morse Sequence

The Thue-Morse sequence is a remarkable sequence of 0’s and 1’s
that arises in many apparently quite different ways. Let’s start with
the definition, in terms of binary numbers. Given a nonnegative integer
n, we can write it in binary, in a unique way. For instance, the binary
representation of 22 is 10110, which means that 22 =1 x 2440 x 23 +
1x2%2+1x2'+0x 2% Given a nonnegative integer n, we define ¢,
to be

e {1 the binary representation of n has an odd number of 1’s,
0 the binary representation of n has an even number of 1’s.
The sequence tn,rstarting with n = 0, begins
(2.1) 0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0, ..
The sequence t,, is called the Thue-Morse sequence.

DEFINITION. We say that n is an evil number if £, = 0, and n is
an odious number if ¢, = 1.

Let’s eliminate the commas from @il) for typographical purposes.
If we cut off the sequence after 1,2,4,8,16,... terms, we get

So=0
S =01
S = 0110

S3 = 01101001
S4 = 0110100110010110,
and so on. -
Given a sequence S of 0’s and 1’s, let S be the sequence obtained

from S by replacing all the 0’s with 1’s, and all the 1’s with 0’s. For
instance, we have

011010111 = 100101000.

Given two binary sequences S and 7', let ST denote the concatenation:
write down all the digits of S, followed by all the digits of 7.
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8 2. THE THUE-MORSE SEQUENCE

PROBLEM 2.1. Show that, in the decomposition above, we have
Sn+1 = SnSn, the concatenation of S,, and S,,. Write this relation in
terms of various values of %,,.

PROBLEM 2.2. A sequence S = 8§81 - 8y, is called a palindrome
if s; = sp,—; for all j, i.e. it reads the same forward and backward. Is
S, sometimes a palindrome? For which values of n? Determine all
values of n for which S,, is a palindrome, and explain why your answer
is correct.

PROBLEM 2.3. Start with a 0. Then, at every stage, replace each
0 with a 01 and each 1 with a 10. Write out the first five stages of this
process. What do you notice? Can you explain what is going on?

PROBLEM 2.4. Suppose that, in the previous problem, you instead
replace each 0 with 01, and each 1 with 0. What do you get? How
many digits are there in the n'® stage of this process?

PROBLEM 2.5. Express ta, in terms of £,.
PROBLEM 2.6. Express to,+1 in terms of ¢,,.

PROBLEM 2.7. What happens when we look at only the even terms
of the Thue-Morse sequence? How about only the odd terms?

PROBLEM 2.8. Suppose 0 < j < 2". Express tan; in terms of t;.
PROBLEM 2.9. Show that if ¢,, = ¢,,+1, then n must be odd.

PROBLEM 2.10. Show that there is no nonnegative integer n such

PROBLEM 2.11. Show that among any five consecutive terms of
the Thue-Morse sequence, there must be two consecutive terms that
are equal.

We say that a sequence S is overlap-free if there is no consecu-
tive subsequence of S of the form cxcxe, where ¢ and = are nonempty
sequences. For instance, the sequence

01001001010111

is not overlap-free: for instance, we can let ¢ and z be the red and blue
subsequences, respectively:

01001001010111.

PROBLEM 2.12. Show that, in order to guarantee that a sequence
is overlap-free, it suffices to let ¢ as above be a single digit.

PRrROBLEM 2.13. Show that the Thue-Morse sequence is overlap-
free. (You will need to use the results of many of the previous problems
for this.)
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2. THE THUE-MORSE SEQUENCE 9

PROBLEM 2.14. In CHESS, if a position is repeated three times, then
either player can declare the game to be drawn. A previous version of
this rule is that if a sequence of moves is repeated three times in a row,
then the game can be declared drawn. Show that this previous version
allows games to last forever.
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