WORKSHEET 10

The Pigeonhole Principle

PROBLEM 10.1. What is the minimum number of people needed
such that you can be certain that at least four of them were born on
the same day of the week?

PRrROBLEM 10.2. Show that, among any five points in a square of
sidelength 1, there must exist two of distance at most %

PRrROBLEM 10.3. What is the minimum number of points you need
in an equilateral triangle of sidelength 1 such that you can guarantee
that there are two points of distance strictly less than %?

PROBLEM 10.4. Show that among any 51 integers from 1 to 100,
we must have at least one pair of consecutive numbers.

PROBLEM 10.5. What is the maximum size of a set of positive
integers up to 100 such that no integer in the set is a multiple of another
one?

PROBLEM 10.6. Take an 8 x 8 chessboard, and remove two opposite
corner squares. Is it possible to cover the remaining 62 squares using
31 dominoes? (Each domino covers exactly two adjacent squares.)

PROBLEM 10.7. What is the maximum number of knights we can
place on an 8 X 8 chessboard such that no two attack each other?

PROBLEM 10.8. What is the maximum number of bishops we can
place on an 8 x 8 chessboard such that no two attack each other?

PROBLEM 10.9. Show that among n > 2 people, there must be
two people who know the same number of other people. (We assume
that knowledge is mutual: if person A knows person B, then person B
knows person A.)

PrROBLEM 10.10. What is the smallest value of n satisfying the
following property: give any n points on the plane such that no three
are collinear, there exist four of them forming the vertices of a convex
quadrilateral?

Given a sequence of numbers a1, as2,as,...,ax, a subsequence is
the sequence formed by taking some collection of the a;’s, in order. For
instance, 5, 1,2 is a subsequence of 7,3,5,4,1,2,8,0,6.
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30 10. THE PIGEONHOLE PRINCIPLE

PRrROBLEM 10.11. Show that if we have a sequence of mn+1 distinct
positive integers, we must have an increasing subsequence of length
m + 1 or a decreasing subsequence of length n + 1.

For instance, suppose m = 3 and n = 2. In the sequence 4,1,6,7, 3,5, 2,
the numbers 7, 3,2 form a decreasing subsequence of length 3.
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