WORKSHEET 20

The Peano Axioms

In this worksheet, we will rigorously construct the set N of non-
negative integers from axioms. The point is that, while you may be
familiar using certain facts about the nonnegative integers, it is also
important to know how to prove them from first principles and get
used to the axiomatic approach to mathematics, so that in the future
when you have to define more exotic objects, you are prepared to deal
with the formalism that that entails. When you solve these problems,
do not use anything you think you know from elsewhere about the non-
negative integers; you may only use the axioms and previous facts you
have deduced from them.

Here are the Peano axioms for constructing the set N of nonnegative
integers:

(1) N contains an element called 0.

(2) There is a function S : N — N, called the successor function.

(3) S is injective, i.e. if S(a) = S(b), then a = b.

(4) There is no element n in N such that S(n) = 0.

(5) (Principle of Induction.) Suppose A is a subset of N, i.e. a
collection of some (possibly none, possibly all) of the elements
of N, such that 0 is in A, and whenever n is in A, then S(n)
isin A as well. Then A = N.

The successor function S is the axiomatic version of the “add one”
function, i.e. we should think of S(n) as n + 1.

PROBLEM 20.1. Show that for all n in N other than n = 0, there
exists some a in N such that n = S(a). (You will need to use the
Principle of Induction.)

We next define addition, again directly in terms of the axioms.Next,
we define addition by 1: for all a in N, we define a + 0 to be a. Next,
if a and b are in N, then we define

a+ S(b) = S(a+b).

PROBLEM 20.2. Define 1 = S(0) and 2 = S(1). Verify that you
can express a + 1 and a+ 2 in terms of the successor function, directly
from the definition of addition.
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PRrROBLEM 20.3. Show that if @ and b are in N, then a +b = b + a.
(You will need to use the Principle of Induction for this. The way to
set this up is to define aset B = {b:a+b=b+a for all a in N}. This
is a typical trick that you will need to use many times in the remaining
problems. )

PROBLEM 20.4. Show that if a,b,c are in N, then a + (b+¢) =
(a+b)+c.

Next, we define multiplication. As with addition, we start with
multiplication by 0: if @ is in N, we define a - 0 = 0. Next, if a and b
are in N, we define

a-Sb)=a-b+a.

PROBLEM 20.5. Verify that you can express a-1 and a-2 in terms
of addition, directly from the definition of multiplication.

PRrROBLEM 20.6. Show that if a,b,c are in N and a+¢ = b+c¢, then
&=

PROBLEM 20.7. Show that if a,b,c are in N, then a- (b+¢) =
a-b+a-c

PROBLEM 20.8. Show that if a, b, ¢ are in N, then a(bc) = (ab)c.

PROBLEM 20.9. Show that if a and b are in N, then ab = ba.

We also need to talk about the ordering on N. If ¢ and b are in N,
we say that a < b if there is some ¢ in N such that a + ¢ = b. We say
that a < bifa <band b £ a.

PROBLEM 20.10. Show that if a < b and b < ¢, then a < c.

PrOBLEM 20.11. Show that if @ is in N, then @ # a + 1. More
generally, show that if @ and k are in N and k # 0, then a + k # a.

PROBLEM 20.12. Show that if @ and b are in N, then exactly one
of the following is true:
e a<b,
e a=",
e b<a.
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