WORKSHEET 4

Symmetries

Consider a square with vertices at (£1,41). If we reflect it about
the z-axis, we get the same square again. Similarly, if we rotate it by
90° counterclockwise, we get the same square again. However, if we
rotate it by 45°, we get a different square. See Figure 11}

Figure 1. If we reflect the square across the
horizontal line (Left) or rotate it 90°
counterclockwise (Center), we get the same square,
whereas if we rotate it by 45° counterclockwise
(Right), we get a different square.

We call a rotation or reflection of the square a symmetry of the
square if, after performing it, we get the same square we started with.
We include the “identity” symmetry, that does nothing. Each symme-
try of the square can be considered as a function. For instance, the
reflection about the z-axis can be described as f(z,y) = (z, —y). We
consider two symmetries to be the same if they are the same function.
For instance, if we reflect about the z-axis twice, then we get back to
the identity function f(z,y) = (z,y), so it is considered to be the same
as the identity function.

PROBLEM 4.1. How many symmetries are there of the square?

PROBLEM 4.2. More generally, how many symmetries are there of
a regular n~gon?

PROBLEM 4.3. Find a polygon with exactly 3 symmetries. More
generally, for every positive integer n, find a polygon with exactly n
symmetries.

PROBLEM 4.4. Let P be a polygon. Show that if there is a line £
such that reflection about £ is a symmetry of P, then P has an even
number of symmetries.
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PrOBLEM 4.5. Find a polygon that isn’t a square, but that has
exactly the same symmetries as a square.

PrROBLEM 4.6. We can extend the notion of symmetries to 3-
dimensional polyhedra. How many symmetries does a cube have?

PROBLEM 4.7. Let Dy be the set of symmetries of the square.| Let
7 be the reflection about the z-axis, and let p be the rotation by 90°
counterclockwise. What is 7 o p o 77 That is, what happens when you
perform 7, then p, then 77

PROBLEM 4.8. Suppose o and  are two symmetries of a polygon
P. Show that oo 3 is another symmetry of P. (Note that o o 3 means
that you perform f first, then a. For instance if « is a rotation and 8
is a reflection, then o o 8 means that you perform the reflection first,
then the rotation.)

PROBLEM 4.9. Show that if o is any symmetry of the square, then
we can express o as a rotation (by some amount, possibly 0), optionally
followed by a reflection about the z-axis.

PROBLEM 4.10. Express a reflection about the y-axis in terms of
rotations and perhaps a reflection about the z-axis, as in Problem 4.9]

PROBLEM 4.11. Express a reflection about the y-axis followed by
a reflection about the line y = x as in Problem 4.9]

PROBLEM 4.12. Generalize Problem %4‘.971:0 symmetries of a regular
n-gon.

Extending the notation from Problem 4.7, let p~! be a rotation
by 90° clockwise. Say that two elements o and 8 of Dy are directly
conjugate if o = TofBoT or a = pofBopt, or vice versa. Say that
o and 8 are conjugate if there exist elements a1 = o, aa,...,ar =
such that for each ¢ with 1 <4 < k — 1, the elements o; and o;; are
directly conjugate. Write a ~ 8 if « and B are conjugate.

PROBLEM 4.13. Show that if « is in Dy, then a ~ a. fh_\} 7)

PROBLEM 4.14. Show that if o and 8 are in Dy, and o ~ 83, then ’

B~ a.

PROBLEM 4.15. Show that if a, 8, and « are in Dy, and o ~ ,B
and 8 ~ v, then a ~ ~.

It follows from the last three problems that the elements of D, split
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up into conjugacy classes. Given a in Dy, write [a] for the set of all 8

in Dy such that o ~ £, including ¢ itself.
PROBLEM 4.16. Find all the elements in Ip o p|, and [7].
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1The D stands for “dihedral.”
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