WORKSHEET 6

Prime Numbers

DEFINITION. A positive integer p > 2 is said to be prime if it is
not divisible by any positive integer other than 1 and itself. A positive
integer n > 2 that is not prime is said to be composite.

PROBLEM 6.1. Write down the first 20 primes.

PROBLEM 6.2. Show that if m is a positive integer greater than
1, then two consecutive positive integers n and n + 1 cannot both be
divisible by m.

PROBLEM 6.3. Show that if m;,mg, ..., m, are finitely many posi-
tive integers, then there is a positive integer divisible by all of m, ma, ...,
Wiy

PROBLEM 6.4. Show that if p;, ps, ..., p, is any finite list of primes,
then there is a positive integer not divisible by any of p1,...,p..

PROBLEM 6.5. Show that there are infinitely many primes.

PROBLEM 6.6. Show that there are infinitely many primes that
leave a remainder of 3 when divided by 4.

PROBLEM 6.7. Show that there are infinitely many primes that
leave a remainder of 2 when divided by 3.

PROBLEM 6.8. Show that for any positive integer n, there are n
consecutive composite numbers.

PROBLEM 6.9. Let f(n) = n?—n+41. Compute f(0), f(1), f(2),...,
f(10). Observe that all these numbers are primes. Does there exist a
positive integer n such that f(n) is composite?

PROBLEM 6.10. Does there exist a nonconstant polynomial f(n)
with integer coefficients such that |f(n)| is never composite for any
integer n?

PROBLEM 6.11. Find all the prime factors of the numbers 22 — 1,
24 -1,26-1,28 -1, and 219 - 1.

PROBLEM 6.12. Find all the prime factors of the numbers 23 — 1,
26-.1929-12%-1 and 2% -1,
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20 6. PRIME NUMBERS

PROBLEM 6.13. Show that if n is a positive integer and 2™ — 1 is
prime, then n is prime.

Numbers of the form 2" — 1 are called Mersenne numbers, and
primes of this form are called Mersenne primes.

PROBLEM 6.14. Does there exist a prime number p such that 2P —1
is composite?

PROBLEM 6.15. Show that if n is a positive integer and 2" + 1 is
prime, then n is a power of 2.

Numbers of the form 22" + 1 are called Fermat numbers. Fermat
thought that 22" 41 was prime for all nonnegative integers n, but n = 5
is a counterexample: we have 22° 4+ 1 = 641 x 6700417.

PROBLEM 6.16. Suppose you wish to check if 1003 is prime. What
do you need to check? If you're going to check this by testing if it’s
divisible by each number for a while, do you have to go all the way
up to 1002, or can you guarantee that it’s prime by stopping at some
earlier point? Generalize your findings.
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