WORKSHEET 11

Permutations

A permutation of n is an ordering of the numbers from 1 to n. For
instance, 6253174 is a permutation of 7.

PROBLEM 11.1. How many permutations are there of n?

We write S,, for the set of all permutations of n.

Given any permutation, we can reach it starting from the “identity”
permutation 123---n by doing a bunch of swaps. For instance, for
the permutation above, we can reach it by doing the following swaps
(marked in red):

23467
521167
521316

273164

253104
6253174

At the end, we reached the desired permutation.

PROBLEM 11.2. In the above example, not all the swaps were of
numbers in consecutive positions. Show that it is possible to reach any
permutation by means of a sequence of consecutive swaps.

Suppose 7 is a permutation of n. For 1 < ¢ < n — 1, let 0;(7) be
the permutation obtained from 7 by swapping the numbers in the ‘"
and (7 + 1)®* positions in 7. For instance, we have

03(5146372) = 5164372.

PROBLEM 11.3. Show that for any permutation 7 of n and any ¢
with 1 <4 <n -1, we have 0;(0;(7)) = 7.

PROBLEM 11.4. Show that if 7 is a permutation of n and 1 < 4,5 <
n — 1 with |i — j| > 2, then 04(0;(7)) = 0;(0;(7)). Show that this is
not necessarily true if |i — j| = 1.

PROBLEM 11.5. Show that if 7 is a permutation of n and 1 <7 <
n-— 2, then 0'1.(0'1.+1(0'1,(7'))) = 0':,;.,.1(0'-,;(0’5.*.1(7‘))). ,’ A D [
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Figure 1. A graphical representation of the identity
0;00{4100; =0;4100;00;+1-

We can draw a picture of this; see Figure 1.

PROBLEM 11.6. For any swap p of two numbers in a permutation;
we can undo the swap by doing it again; that is, p(p('r)) = 7. But what
happens if we do a sequence of swaps, say p; 0 ps 0 -+ 0 pg, where each”

pi is a swap? What do we have to do to undo this entire sequence of/ 25 21 '

swaps? I &

PRrROBLEM 11.7. Suppose that pi,...,pr and 7,..., T, are swaps
such that pyo---0pg(7) =m 0---0 7rm(7') Show that P10+ 0 pgo°
Ten O Mp—1 0+ romfr) =71

In the preceding problems, there’s no meaningful dependence on
T, since the same identities hold for all 7. Thus we’ll write things like
PLO 0P =T1 0+ 0Tp.

PrROBLEM 11.8. Explain how to write an arbitrary swap in terms
of a sequence of consecutive swaps.

ProBLEM 11.9. Suppose that we have two sequences of swaps
p1,...,pk and my, ..., Ty, such that pjo---0px =m 0.+ 0mpy,. Show
that if £ is even, then m is as well, and vice versa.

We write A,, for the set of permutations that are obtainable from
the identity permutation by means of an even number of swaps in some
(hence any) way. The set A, is called the alternating group.

PROBLEM 11.10. How many elements does A,, have?

There is another very important way of representing permutations.
Given a permutation 7 written out as a sequence of numbers, we can
consider it as a function 7 : {1,2,...,n} — {1,2,...,n} by letting
the first number denote 7(1), the second number 7(2), and so on. For
instance, the permutation 6253174 is the function 7 such that 7(1) = 6,
1(2)=2,7(8) =5, 7(4) =3, r(5) =1, r(6) =7, and #(7) = 4

It is natural to represent a function by means of a picture, where
for each ¢, we draw an arrow from ¢ to 7(i). The picture for this
permutation 7 is shown in Figure 2.

We can represent this picture more succinctly, by writing each cycle
in parentheses in order. The permutation 6253174 is then (167435)(2).
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Figure 2. A picture of the permutation 6253174.

ProBLEM 11.11. If you are given the cycle decomposition of a
permutation, how can you tell quickly whether or not it lies in the
alternating group?
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