WORKSHEET 8

Pascal’s Triangle

Pascal’s triangle is a triangular array of numbers with 1’s down the
sides, and each number in the middle is the sum of the two numbers
above it. The first few rows of Pascal’s triangle are shown in Figure 1.
Observe that the number in the red cell is equal to the sum of the
numbers in the two blue cells.

Figure 1. Pascal’s Triangle.

PROBLEM 8.1. The numbers in the leftmost diagonal are all clearly
equal to 1, and the numbers in the next diagonal are just the positive
integers: 1,2,3,4,5,... Can you find a formula for the numbers in the
next diagonal? (That is, the one beginning 1,3,6,10,15,...) What
about the next diagonal, beginning 1,4, 10, 20, 35, ...7

PROBLEM 8.2. What is the sum of the numbers in the n'" row of
Pascal’s triangle? (We consider the top row, consisting of just a 1, to
be row 0, and then the row with two 1’s is row 1, and so forth.)

If n is a positive integer, we define n!, pronounced “n factorial,” to
be the product of all the positive integers up to n, so 1! = 1, 2! = 2,
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3=3x2x1=6,41=4x3x2x1=24, and so on. We also define
Ol=1.

PROBLEM 8.3. Show that the k*" entry in the nt® row of Pascal’s
triangle is Wﬁql—k)—' (Both rows and diagonals are indexed starting from
0, so the red cell is in row 6 and diagonal 4, for instance.)

DEFINITION. The numbers 70—,—(—7%{7), are very important. We call
them binomial coefficients and write them as (7).

PROBLEM 8.4. Find the sum of the first m numbers in the r'®
diagonal of Pascal’s triangle, as a function of m and r.

PROBLEM 8.5. What is the alternating sum of the numbers in
the n*" row of Pascal’s triangle? The alternating sum is the same
as the sum, but with every other term subtracted. For instance, the
alternating sum in row 4 is 1 — 4+ 6 — 4 + 1. Explain your answer.

Figure 2. Shallow diagonals in Pascal’s triangle.

PROBLEM 8.6. Sum the numbers in each monochromatic shallow
diagonal in Figure 2, What familiar sequence of numbers do you get?
Express this as a formula, using either factorials or the binomial coef-
ficient notation. Why is your formula correct? Why do these numbers
appear in Pascal’s triangle?

PROBLEM 8.7. Expand (z + y)* and (z + y)°. Do you recognize
these coefficients? Why is this happening? Does it work in general?

PROBLEM 8.8. What are 112 and 114? What’s going on? Why
does the pattern break down when you compute 11°? What happens
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when you compute 101° and 10187 Explain why this happens. Where
does this pattern break down, and how can you get a longer-lasting
version of this phenomenon?

PROBLEM 8.9. Start at the top cell of Pascal’s triangle, and at
every second, move either one cell southwest or one cell southeast.
How many paths are there that end up at the k! diagonal in the n'®
row?

PrROBLEM 8.10. Draw a large Pascal’s triangle, and shade in all
the cells containing odd numbers. What pattern do you get? Can you
explain what’s going on?

PROBLEM 8.11. The number 1 clearly appears infinitely many
times in Pascal’s triangle, but every other number only appears finitely
many times. The number 10 appears 4 times. Can you find a number
other than 1 that appears more than 4 times? More than 6 times?
What is the largest number of occurrences you can find?
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