WORKSHEET 17

Modular Arithmetic

Let m be a positive integer, and let @ and b be integers. We say
that a is congruent to b modulo m and write a = b (mod m) if a — b is
a multiple of m.

PROBLEM 17.1. Show that a = b (mod m) if and only if a and b
leave the same remainder when divided by m.

PRrROBLEM 17.2. Show that there is a unique integer b between 0
and m — 1 for which a = b (mod m).

PROBLEM 17.3. Show that if a = b (mod m) and b = ¢ (mod m),
then a = ¢ (mod m).

PROBLEM 17.4. Show that if a = b (mod m) and ¢ = d (mod m),
then a + ¢ = b+ d (mod m), a — ¢ = b— d (mod m), and ac = bd
(mod m).

PrROBLEM 17.5. Use the previous problem to determine, relatively
quickly, what day of the week it was on January 1, 1900. (Make sure
you know all the rules for leap years!)

PROBLEM 17.6. Suppose a =b (mod m) and ¢ = d (mod m), and

£ and % are both integers. Is it necessarily true that 2 = % (mod m)?

PROBLEM 17.7. Suppose a = b (mod m) and ¢ = d (mod m). Is
it necessarily true that a® = b¢ (mod m)?

PROBLEM 17.8. Is 22225555 4+ 55552222 divisible by 77?

PROBLEM 17.9. You are likely familiar with some divisibility rules:
e A number is divisible by 3 if and only if the sum of its digits
is divisible by 3.
e A number is divisible by 9 if and only if the sum of its digits
is divisible by 9.
e A number is divisible by 11 if and only if the alternating sum
of its digits is divisible by 11. (The alternating sum of the
digits of n = agaiaz---ag is ap — a1 +ag — - + (=1)*az.)

Explain why all of these are true.
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54 17. MODULAR ARITHMETIC

PRrROBLEM 17.10. For each integer m from 3 to 8, determine those
integers b with 0 < b < m — 1 for which there exists an integer z such
that z2 = b (mod m).

- PROBLEM 17.11. Show that if » = 3 (mod 4), then there do not
exist two integers z and y such that 22 + y? = n.

PROBLEM 17.12. Show that if n = 7 (mod 8), then there do not
exist three integers z, y, and z such that 22 + y2 + 22 = n.

DEFINITION. Let p be a prime and let a be an integer. We say that
a is a quadratic residue modulo p if a is not a multiple of p, and there
exists an integer = such that 2 = a (mod p). If there is no integer
z such that 2 = a (mod p), then we call a a quadratic nonresidue
modulo p. We write the symbol () which is 1 if a is a quadratic
residue modulo p, —1 if a is a quadratic nonresidue modulo p, and 0 if
a is a multiple of p.

PROBLEM 17.13. For how many integers a with 1 <a <p-—1is
() =11
PROBLEM 17.14. Show that (2)(%) = (2).

PROBLEM 17.15. For which primes p is (_?1) = 1?7 Can you explain
why?

PROBLEM 17.16. For which primes p is (%) = 17 Can you explain
why?



Modular Arith
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4716 o= b (mod m), then a-o :kmj
Where Kisany integer, a and
can be expandéd tp a=qum+ry and
b= .M+, Wwhere o 1S quoteent and
r S remainder.So Cwﬂﬂrétth-r =km

SO ra-ry is a multiple of m. Howeueg
both T, and ry-r3 must bP within
the Set [~(m-1) ~(m-2), .1, 50,2).0,m=1],
The an/y multiple OF m inthe Set
Ot possible remanders is (), o
F1-y must be 0, Theretore, a=re.

T, LiPy the Division Algorithm, For any
integera, A=am+r ank by
modular arithmet;c a—b=km.
A-r=qm. Llet r=b where 04, bima
Making =K, the +wo equat;ons
become he Same, 50 therefore

there will always be a possible
nieger 0L bEm1viq this algorifm



AT a bk and b~C:/m}
summing these equations:
A -b+b -z kmFim =mlk+)=a-C(.
60 a+d [18la mulﬁple of m and a=((mdn)
HMiAgain, a-b=km and (=d=Im,
vhidd The Qquations: a—b+0-4 =Kkmtm= 1..
e (k) =ATC-(b+d ). So atC Zbtd is (main)
* Subtract: a-h-c+4 = Kn-Im=m (k1) =a-C-(+)
SpPYa=r =bEd 1 also(mod m,) |
’ MMH if)}/i First rearramge so d=btkman =dtam.
Then! A.(= bd+bqmTtdkmThyu=bd+im{batktag
Soldcrbd =la myltiple of m, and acz bd (med m),
L1.5 Fach 365 -vedr daken back €rom +he
Wedeneday 2025 new year Qoes back
1 day in the week, 125 days back
weu \d take the dayof thewees 15
Thursday, There weve 34 leap years
between 1900 and 2025, 50 for
Cach extra day of+he week Shifted
back 31 +imes, 1t looped ¥0 Thurs.
L +imes, 31/2553} 50 Thurs—3 day<s= a:



¥ hen drvided by 7
U b Asuma this (s True. Inthat
case dividethe 174 equations:
I ==K/, Uh=oh the left

a-
Side Sht nﬁ%@cafi/y d multiple
0F wm anymere! L+ only is when
both K and | are also m-multipes,
S0 & =5Cd ) (sp't a./waycsy—frue.
127 Take +he €q et on @:Ew‘ K<) =i m),
7 ha iCb$/<m)[d+/m):(J>7Lkm)A . 7 Im
r @&7L (el m//e (b/va (med m)) :
T a =t +om m)j e TH<
Cquation would always saticty.
However; this reuires +hat b'eg,
Thes (sn%t always true, o The
Cquation Sn always e/ther
V7.8 2222 acny 5555 have remeainders
Zand Y when divided by7j SO
NOW the problem [coks likei3 44y
Forvcers of 3 répeat remainders” every
b1h +Emf} 50 55’59/42&5) S6 gfsgszgg[mz).
Powers o€ H 1epeat remainders™ OV .. oy



*Decfeasﬁ 3Y 5) now/*-§e++o )
f/l?(conk) 3rd x/"omfé/ 2)‘2‘2‘ KD T arvd

L/ZZZZ\ H- (), \/ﬂW The probem

(S 3747 (altulating Fhis
Jwes 254, which divided by
/ equals ?7 S0 228 e s wa 7.
7.9 =3 Rule: Say There 1s @ humber
I, J(visible by 3 that also has
a_sur of digits divs b 3T |
ht3 alsohes a sum ot digids |
dw. by3 then by jnduciton the

nuke 8 Hue. £ ither:
*The sum of digitS [nereases by 7
'The 3 carries ovel metfcing
the Sematdig 93 =—6,
(For o hundveds M tousand 5 lefe.
carryover, mnus an extrad,)
Both of these results
Keep n’sdigit sum divisible
by 3y S0 The rule always works.
T A RuIe Same thirg, but tither
Sm of 4194 44 51008 .- SFill o ...




KEach 1" is 1 more or less than o . 42,

Ll ory., 41 Rule: Sam/ We havre agn

X~di91t pumber (my examplex=1)

abcd. Fy panded £0rm s

100004480 b4 10 +d« Rewr4ten

Y0 inckuge multiples oF ity

1014 -a+a9btbtidc-c+d.,
Factor multiples of 14 out:
12(92a +9b+C) 4+ (~atb-ctd).

The lefH +erm 1s a multiple of 11,
S0 the right ferm must be foo
for abcd 1o be a mult. 24.
The rght 7‘ﬁrm;a+}>—;£ +d,is
where the alt+ermating Sum
comes trorn.

1790 m=3 b=0: Y25, X9, be 11 Yes, x4,
B2C P L2 (= LHy 7 st/r ?4»«1 Yes
X5 b=2 1N, b=31Ns m=544: Yes,
X=0.p=1: Yes, x=6. b=2: Ny, b= 31\/0
Dt S, X =7 M b0: o, xb. b=1.
VS X=he J>-«2 Ng. b=2: \{fS X9/ bEY
Yes, x=H, b=5: No. mi- ~7b=0; Y@SX =7 &)



*éummg only 05 and 25 can yield 02 or2.

17.200conk )y b>1:N£S, X =6, b=2 Y5 X=3.
=3iNo. b= :Yes, x= brb=p: No b=t oG, |

m=8 b=0: Yes, x=€. b=1:Yes,x= 7, b=2:No.

b=3: No. p=4. Y€§ XZ6.b=5No. b=6: Mo,

b=7:Ng, CTH?SﬁE ~valuwes age “quadiatic resigel)
HALTwp cases:X s even or X 7S odd .

Even: X2 contains 2 factors of 2

and therefore IS in mod H.
OCU K L T A1) ) both-each even,

S0 2 1S ont more than a mod H
num ber (x*z 1 (mady))
In both cases, x*={, 4 (mad 1)
iArcumg dhother square OL/lOWS
x>ty = (0)2,2)Cmod u[)) bt not
3 (mod H). %
H2kgain, Hivo cases, even or odd,
Even: 0720, 22 =4, >~ 0tmed 8), §*=4 tmed 9),
All even remainders yield residues Lo, 4],
0dd:1%=1, P=1.(mad §), 57=14med g), e,
il odd remainders e residug) 1,
No combination ot 0,4 00 L adds up +o 7 (mod )




XThe new “hale Se%)“ Which .S (#523 ...)(%1)2).
lZi—?’? for any print mgd P) the entire
SeY of possible pesidueS s the
Auares of all integers under p:
Ciz) 22}' ey (p/l)z)t Because €ach
squaret can be mq,FP&L to
bO“H) a T and Trpot, only
J&XM—HV half of the sef of
Squares must s considered
to avoid duplicates. The
Size of +his Ser s £5=,
T WiTAtow 4 and % &
x*-a=kp and y*-b=lp, Multiply
the equations fogether: (F-al(y>-)=Klp*
= x2y24-qb - x%b el ThE pquation
meludes ab and entirely square
factors equalling a multiple ofp,
50 %—b— COrresponds +o (%)(8).
Not su\ L7, 15 Some. primeS that worlc are Z<&2+4;Z(m?)
and any pr 1me satisfying ,Pii(modmy)




