WORKSHEET 13

Invariants and Monovariants

ProBLEM 13.1. Suppose we start with an m x n bar of chocolate
that we wish to divide into individual 1 x 1 squares. On every turn, we
cut one of the pieces into two by breaking it along one of the horizontal
or vertical grid lines. What is the smallest number of breaks we have
to do to break the entire bar into 1 X 1 squares?

PRrROBLEM 13.2. The numbers from 1 to 1000 are written on the
board. At every turn, we take two of the numbers, say a and b, erase
them, and replace them with the number a + b — 1. After 999 steps,
we are left with a single number. What are the possibilities for this
number?

PRrROBLEM 13.3. The numbers from 1 to 1000 are written on the
board. At every turn, we take two of the numbers, say a and b, erase
them, and replace them with the number |a — b|. After 999 steps, we
are left with a single number. Could this single number be 37

PROBLEM 13.4. We have a 10 x 10 grid of lights. Initially, the light
in the top left cell is on, and all the other lights are off. At each step,
we pick a row or column of the grid and toggle all the lights in that
row or column. Is it possible to perform some sequence of these steps
such that all the lights are turned on at the same time?

PrOBLEM 13.5. You have a quarter infinite (to the right and up)
grid, with checkers initially placed at the three corner squares, as shown
in Figure 1. At every step, if there is a checker at the cell (z,y), you
can remove it and replace it with a checker at (z,y+1) and a checker at
(z+1,y), provided that neither of these two cells already has a checker.
Is it possible to perform some sequence of moves such that the three
cells that initially contained checkers are empty?

PROBLEM 13.6. Start with a finite collection a4, as, ..., a, of pos-
itive integers. On each turn, you choose two numbers a; and aj such
that neither one is a multiple of the other, and then delete them both
and replace them with ged(a;,ax) and lem(aj, ax) ! If there is no pair

lgcd(a,b) is the greatest common divisor: the largest number that divides
both a and b. lem(a,b) is the least common multiple: the smallest number that is
a multiple of both ¢ and b.
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Figure 1. Three checkers placed at the bottom left
of a quarter-infinite chessboard.

(a;,ax) such that neither is a multiple of the other, then the game ends.
Is it possible to keep playing forever?

As you solved these problems, you probably noticed that they have
something in common: some quantity that doesn’t change when you
perform an operation. This quantity is called an invariant for the
process.

Sometimes, we find a quantity that doesn’t stay the same at ev-
ery step of the process, but it only changes in one direction: it can
only increase, or only decrease. In that case, the quantity is called a
monovariant.

PROBLEM 13.7. Suppose we have n red points and n blue points
in the plane, with no three points collinear. Show that it is possible
to draw n nonintersecting line segments, each connecting one red point
and one blue point.

PROBLEM 13.8. We have a 10 x 10 grid, with each cell containing a
strawberry. Initially, 9 of the strawberries are moldy. If at any time, a
strawberries has two neighboring (either horizontal or vertical) moldy
strawberries, then it becomes moldy as well. Is it possible for the mold
to spread to all the strawberries?

We conclude with a walkthrough of a remarkable monovariant
problem called Conway’s checkers or Conway’s soldiers. We have an
infinite (in all directions) grid, with the center of each grid point hav-
ing the form (m,n), where m and n are integers. We initially have a
checker at each point (m,n) where n < 0, as shown in Figure 2!

On each turn, if we have two checkers on adjacent squares, and
the next square is empty, then we can make a capture, as shown in
Figure 3. Capturing can be done in the horizontal direction or the
vertical direction. The challenge is to perform a sequence of captures
to get a checker as high up the board as possible.

ProBLEM 13.9. Find a sequence of captures to get a checker to
the point (0,3). (That is, four rows above the top row of checkers in
the initial position.)
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Figure 2. The initial position of Conway’s checkers.
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Figure 3. Capturing in Conway’s checkers: if we
have checkers on the two black squares on the left,
and the next square is empty, then the leftmost
checker can capture the one on the middle square,
yielding the position on the right.

We will now show that it is not possible to reach the point (0,4).
Let f(z,y) be a function, to be determined later. We wish to choose
f such that if we make a capture from (z,y) to (z,y + 2) or (z + 2,y)
that gets closer to (0,4), then f(z,y +2) = f(z,y) + f(z,y + 1) or
flz+ 2,y) = f(z,y) + f(z + 1,y); in other words, getting closer to
(0,4) doesn’t change the sum of the values of the checkers on the board.
However, if we capture away from (0,4), then the sum of the values
should decrease.

PROBLEM 13.10. Is there a function of the form f(z,y) = a**¥
with this property? If not, can you find a closely related function with
this property?

PrOBLEM 13.11. Now that you have found a suitable function f,
find the sum of the values of all the checkers in the initial position, and
the value of a hypothetical checker at (0, 4).
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