WORKSHEET 3

Impartial Combinatorial Games

Consider the game of MATCHESEi In this game, there is a pile of
matches, with n matches in the pile initially. Two players take turns
removing some matches from the pile, and the player to move can
remove 1, 2, or 3 matches on a turn. The player who is not able to
make a move (because the pile is gone) loses the game.

PROBLEM 3.1. For 1 < n < 20, determine whether the first or
second player has a winning strategy at MATCHES, assuming that both
players play optimally. What about for all n? Can you explain your
observation?

PROBLEM 3.2. What happens if the person who takes the last
match loses rather than wins?

REMARK. In combinatorial game theory, the rule that the player
who is not able to make a move loses is called the normal-play con-
vention, whereas the rule that the player who is not able to make a
move wins is called the misére-play convention. Most of the time, the
misere-play games are much more difficult to study than normal-play
games, but in the case of MATCHES, both have simple analyses.

PrROBLEM 3.3. Consider a generalization of MATCHES, where a
player can remove up to k matches on each turn. Now, for which values
of n does the first player have a winning strategy in normal play? What
about in misere play? Explain why your answers are correct.

We call these types of games subtraction games. If S is a set of
positive integers, we write SUBTRACTIONg for the subtraction game
where the next player can remove any number of matches from S. For
instance, the original game is SUBTRACTION{ 3 3}.

PROBLEM 3.4. Analyze the games of SUBTRACTION{; 4} and
SUBTRACTION 1 3 4} -

Suppose we fix a subtraction set S and consider the game
SUBTRACTIONg. For a pile size of n, we say that n is an N position if

11t is a common convention to use SMALL CAPS for the names of games in
combinatorial game theory.
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12 3. IMPARTIAL COMBINATORIAL GAMES

the next player to move has a winning strategy with optimal play, and
a P position if not. (The P stands for “previous,” since we imagine
the game has been going on for a while, so the player other than the
next player must have been the previous player.) We can consider a
sequence ag, a1, as, . . ., where a,, = N or P, depending on whether n is
an N position or a P position, respectively.

DEFINITION. Given a sequence ag, a1,as2, ..., we say that it is pe-
riodic if it repeats indefinitely, i.e. there exists a positive integer p such
that an4p = a, for all n > 0. We say that it is preperiodic if it even-
tually repeats indefinitely, i.e. there exists a positive integer p and a
nonnegative integer ng such that a,4, = a, for all n > ny.

PRrROBLEM 3.5. Show that for any finite set S of positive integers,
the sequence a,, corresponding to SUBTRACTIONg is preperiodic.

( Q\\

PrROBLEM 3.6. Find a finite subtraction set S for which the se-
quence a,, is not periodic.

For a preperiodic sequence a,, the period is the smallest positive
integer p such that there exists a nonnegative integer ng such that
An+p = ay, for all n > ng.

PROBLEM 3.7. Suppose S = {a,b}. In terms of a and b, determine
the period of SUBTRACTIONg. (Try a bunch of examples before trying
to guess the answer!)

REMARK. The answer to the previous problem is unknown in gen-
eral if S = {a, b, ¢} contains three numbers.

PROBLEM 3.8. Consider the following game between two playersi?| | ./ < F16F
we start with a pile of n stones. The first player can remove as many -0 =
stones as desired, but at least one and not the entire pile. On subse- ( NV i\/ ik 48 ( o
quent turns, the next player can only take at most as many stones as "
the previous player took. The player who is unable to make a move / / M N’ 1
(usually because there are no stones left, but also at the beginning 3
when n = 1) loses. For which values of n does the first player have a
winning strategy?

PROBLEM 3.9. Answer the same question as in the previous prob-
lem, but now each player can take up to twice as many stones as the
previous player took.

PROBLEM 3.10. Consider the following game, known as WYTHOFF’S Wwhen are
GAME: there are two piles of stones. The player to move can either re- = / L)
move as many stones as desired from one pile, or can remove an equal ( pres *’ )
number of stones from both piles. What are the A" and P positions of - v e 2 /€
Cifagrins Sois. 20y Dl = T

2I'm not going to tell you the name of this game, because the name gives away L /'( o
the answer. wil casts.
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this game? (You might not be able to give a complete answer to this
problem, but figure out as much as you can!)

The game of NIM is played as follows: there are several piles of
stones, and the player to move can take as many stones as desired, but
only from one pile per turn. We represent a position with k& piles, of
size by, ba,...,br as (by,ba,...,bx). While there is a beautiful general
winning strategy for NIM, coming up with it on your own is not an easy
task. So instead, we’ll look at a few special cases.

PrROBLEM 3.11. If there is only one pile of size b;, when is this
game an N position, and when is it a P position?

PROBLEM 3.12. Consider the NIM game (by,by) with two piles.
When is this an A position? When is it a P position?

PrROBLEM 3.13. Find at least 10 triples (by, ba, b3) of positive inte-
gers with by < by < bs such that (by,bs,b3) is a P position. Can you
find triples of many different types? What are some general patterns
you can come up with?

//71%{71(
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