WORKSHEET 16

Identification Spaces and Surfaces

If you take a square and glue the opposite edges together, you get
a cylinder, as shown in Figure|1.

Figure 1. Gluing opposite edges of a square yields a
cylinder.

PROBLEM 16.1. What happens when you glue the opposite edges
of the cylinder? Equivalently, what happens when you glue the edges
as marked in Figure 27 Note that you can’t do this with paper, but
you can do it using a stretchy material.
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Figure 2. What happens when you glue the marked
edges here?

PROBLEM 16.2. What happens when you glue the marked edges
in Figure 3?
A figure like the one in Figure 3 is called an identification space.

An identification space consists of a polygon, together with instructions
for how to glue the edges.
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50 16. IDENTIFICATION SPACES AND SURFACES

Figure 3. An octagon with edges ready to be glued.

When you draw a graph on a surface, an edge can cross over the
boundary and continue across the other edge it’s glued to.

PROBLEM 16.3. Show that it is possible to draw K5 and K3 3 with
no crossing edges on the surface indicated by Figure 2| known as a
torus.

PROBLEM 16.4. More generally, we have the complete graph K,
which consists of n vertices and edges between every pair. Show that
it is possible to draw K and K7 with no crossing edges on a torus.

The most natural graphs to draw on a torus are connected graphs
such that each face can be continuously shrunk to a point, i.e. they
don’t go around any “hole” of the torus. We will call such graphs good
graphs; this isn’t a standard term, so its scope will be limited to this
worksheet.

PROBLEM 16.5. Draw some good graphs on a torus and count
the number of vertices V, edges F, and faces F.. Do you notice any
patterns?

PROBLEM 16.6. Go through the argument showing that for planar
graphs, V — E + F = 2, and check that everything still works for good
graphs on a torus.

PROBLEM 16.7. Show that we cannot draw Kg on a torus with no
crossing edges.

Since the number V — E + F of a good graph on a surface is
independent of the choice of good graph, it is an invariant of the surface
alone. We call it the Euler characteristic of a surface.

PROBLEM 16.8. What is the Euler characteristic of the surface
shown in Figure |37 Work with the easiest good graph possible.
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PROBLEM 16.9. Is it possible to glue the edges of the octagon
differently, still in pairs, to get a different Euler characteristic? What
values can you get?

PROBLEM 16.10. By now, you presumably know that the octagon
in Figure 3|is a double-holed torus. Find an identification space for a
triple-holed torus, and more generally for an n-holed torus. What is
the Euler characteristic of an n-holed torus?
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