WORKSHEET 1

Fibonacci Numbers

The Fibonacci numbers are the sequence of numbers starting
0,1,1,2,3,5,8,13,21,34,55,89, ...

Each one is the sum of the previous two numbers. The sequence starts
with the 0** Fibonacci number, and we write F), for the nt® Fibonacci
number. Thus we have Fy =0, F; =1, F; = 1, F3 = 2, and so on.
The rule that each one is the sum of the previous two can be expressed
by saying that

(1.1) Fpo=Fys 1+ Fan
for all n > 2.

PROBLEM 1.1. What is the first Fibonacci number that is greater
than 1000?

PROBLEM 1.2. If you know F, and F,,.1, how do you use the
rule (1.1) to compute F,,_1? Compute F_, for 1 <n < 10. What do
you notice?

PROBLEM 1.3. For which values of n is F,, even? Can you explain
why?

PROBLEM 1.4. For which values of n is F,, a multiple of 3?7 Can
you explain why?

PROBLEM 1.5. Show that for every positive integer m, there are
infinitely many Fibonacci numbers that are divisible by m.

The Lucas numbers are defined similarly to the Fibonacci numbers,
with each Lucas number being the sum of the previous two. However,
the initial conditions are different: we have Ly = 2 and L; = 1. The
first few Lucas numbers, starting with Lg, are
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PROBLEM 1.6. Show that no Lucas number is divisible by 5. What
makes the Lucas numbers behave differently from the Fibonacci num-
bers, as in problem 1.57
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PROBLEM 1.7. How many ways are there to tile a 1 x n rectangle
using 1 x 1 and 1 x 2 rectangles? All the possibilities for n = 4 are
shown in Figure 1. (Start by making a table of the answers for small
values of n until you recognize the pattern.)
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Figure 1. All ways of tiling a 1 x 4 rectangle with
1 x 1 and 1 x 2 rectangles.

PROBLEM 1.8. How many sequences of 0’s and 1’s are there of
length n, such that there are no two consecutive 1’'s? When n = 4,
these sequences are

0000, 0001, 0010, 0100, 0101, 1000, 1001, 1010.

PrROBLEM 1.9. For 1 < n < 10, compute F—I';ﬂ What is going on
with these ratios? Do they appear to be apprgaching a limit? Can
you explain why? What about L—I':"i, the ratio of consecutive Lucas
numbers?

PrOBLEM 1.10. Let G, = F; + F» + F3 + --- + F,. Can you
find a formula for G,,? Explain why this formula works. What about
M,=Li+Ls+Lg+:---+ L,?

PrOBLEM 1.11. What if we add up only every other Fibonacci
number? That is, let H, = Fy + F3+ F5 + ---+ F5,_1. What is H,?

PROBLEM 1.12. What about FZ + F2 + F2 +--- + F2?
PROBLEM 1.13. What about F,,_1F,+1 — F?2?7

PrOBLEM 1.14. Explain what’s going on in Figure 2: where did
the missing square go?

Figure 2. Where did the missing square go?
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