WORKSHEET 14

FEulerian Paths and Circuits

A graph is a collection of dots, or vertices, with curves, or edges,
connecting pairs of dots. A typical example is shown in Figure 1,

Figure 1. A graph.

Given a graph, it is natural to ask if it is possible to start at one
of the vertices and travel along each edge exactly once. Such a path is
called an Fulerian path. If this path also ends up at the starting vertex,
it is called an Fulerian circuit.

PROBLEM 14.1. Does the graph shown in Figure 1 have an Eulerian
path? What about an Eulerian circuit? '

PRrROBLEM 14.2. Draw several other graphs with a small number
of vertices, checking in each one whether it has an Eulerian path, an
Eulerian circuit, or neither.

PrOBLEM 14.3. Can you find a criterion for when a graph has
an Eulerian path or an Eulerian circuit? Make sure to stress test your
criterion by challenging it on examples where you think it is most likely
to fail. This will help you to refine your criterion until it is exactly right.

In order to answer questions like this, it is helpful to be aware of
the two types of criteria: necessary and sufficient conditions. Let P
be a property that a graph might or might not have. (For instance, P
could be the property that the graph has exactly 8 vertices, or that it
has a vertex connected to more than half of the other vertices.) We
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Figure 2. The seven bridges of Konigsberg. The
green areas represent land, the blue represents water,
and the yellow regions are bridges.

Figure 3. A directed graph.

say that P is a necessary condition for having an Eulerian path (say)
if every graph with an Eulerian path has property P, and we say that
P is a sufficient condition for having an Eulerian path if every graph
with property P has an Eulerian path. The ideal situation is that
we can find a condition that is both necessary and sufficient. In the
case of both Eulerian paths and Eulerian circuits, such a necessary and
sufficient condition exists.

PROBLEM 14.4. The seven bridges of Konigsberg, shown in Fig-
ure 2 is a famous problem solved by Euler. Is it possible to travel over
each bridge exactly once? Is it possible to do so while returning to the
same region?

A directed graph is similar to a graph, except that each edge has
an arrow on it, and it is only possible to travel in the direction of the
arrow. See Figure 3 for an example.
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Figure 4. A de Bruijn sequence with b = 2 and \
n=3. \\\
PROBLEM 14.5. Find a necessary and sufficient condition for when \
a directed graph has an Eulerian path or an Eulerian circuit. \

PROBLEM 14.6. By now, you should know when an Eulerian path ‘\‘
or circuit exists in a (possibly directed) graph. But can you actually ‘
find it? Can you come up with an algorithm that will quickly find
an Eulerian path or circuit when one exists? (There are several good
answers to this problem.)

PROBLEM 14.7. If G is an (undirected) graph, let 2-G be the graph g
with the same vertices as G, but with two edges for each edge of G, -~~~
connecting the same pair of vertices. For which graphs does 2 - G have
an Eulerian path or circuit?

PROBLEM 14.8. Suppose a graph has an Eulerian path that isn’t
an Eulerian circuit. Can it also have an Eulerian circuit? Could it have
another Eulerian path with different starting and ending vertices?

PROBLEM 14.9. Let b and n be positive integers. The de Bruin
graph DB(b,n) has b"~! vertices, which are indexed by sequences of :
length n — 1, each of which is an integer from 0 to b — 1, and we place /.
a directed edge from a vertex (si,82,...,8p—1) to (82,83,...,8n—1,d)
for each d with 0 < d < b— 1. Show that the de Bruijn graph has an
Eulerian circuit.

PROBLEM 14.10. A de Bruijn sequence of window length n is a way

of arranging b" numbers around a circle, each of which is an integer b .

from 0 to b—1 (each used b"~! times), in such a way that every window ’ e

of n consecutive numbers is different from every other window. (See LU~ 7

Figure 4 for an example when b = 2 and n = 3.) Explain how to use () /

an Eulerian circuit on the de Bruijn graph to construct a de Bruijn. 0*) ﬁ 0

sequence. n=3 Try (- 1,2 ﬁ &/ o
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