WORKSHEET 7

The Euclidean Algorithm

Given a collection a1, as,...,a, of positive integers, their greatest
common divisor, or gcd, is the largest positive number d dividing all
of them. For instance, gcd(105,140) = 35 because 105 = 35 x 3 and
140 = 35 x 4, and no number larger than 35 divides both 105 and 140.

DEFINITION. If ged(a, b) = 1, then we say that a and b are relatively
prime.

PROBLEM 7.1. Suppose we know the prime factorizations of a and
b: a = 2°23%5°% ... and b = 27237355 ... Express ged(a,b) in terms
of the e;’s and f;’s.

Closely related the gcd is the least common multiple, or lem. The
lem of a1, ..., a, is the smallest positive integer divisible by each of the
a;’s.

PROBLEM 7.2. Show that if @ and b are positive integers, then
ab = ged(a, b)lem(a, b).

Based on Problem 7.1, you know how to compute the ged of a and
b provided that you are given the prime factorizations of a and b. But
if a and b are large, then computing the prime factorizations of a and
b might be a difficult problem. So, it would be nice if there were a way
of computing the ged without knowing the prime factorizations. This
seems unlikely at first, because gcd(a,b) seems to encode some facts
about the prime factorizations, but remarkably, this is possible, and
this is the content of the Euclidean algorithm.

PROBLEM 7.3. Show that if a and b are positive integers with b > a,
then gcd(a, b) = ged(a, b — a).

PROBLEM 7.4. More generally, suppose that b > ak. Show that
ged(a, b) = ged(a, b — ak).

PROBLEM 7.5. Use the result of the previous problem to compute
ged(590413,830581) by hand, in a reasonable amount of time.

What you presumably did in the previous problem was to run the
following algorithm, known as the Fuclidean algorithm. The notation
|z]| means the greatest integer < z, called the floor of x.
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22 7. THE EUCLIDEAN ALGORITHM

Euclidean algorithm
function gcd(a,b)
if a > b then
swap a and b
if a = 0 then
return b
ke 2]
return ged(a, b — ak)

PROBLEM 7.6. Use the Euclidean algorithm to compute ged (233, 377).
Why does it take so long?

PROBLEM 7.7. Show that if z and y are integers, then ax + by is a
multiple of ged(a, b).

We would now like to show the reverse: that any multiple of
ged(a, b) can be written as az + by for some (not necessarily positive)
integers x and y.

PROBLEM 7.8. Show that it suffices to check that gcd(a,b) can be
expressed in the form ax + by, where z and y are integers.

In order to show that ged(a,b) can be written as ax + by, we need
to take a more careful look at the Euclidean algorithm. Let us assume
that a < b. Let by = b and b; = a. If, for some n, we have b,, = 0, then
ged(a,b) = by—1. If by, # 0, then let k be the unique positive integer
such that 0 < b,,—1 — kb, < b,,. Let by4+1 = bp—1 — kby,.

PROBLEM 7.9. For a = 35 and b = 91, compute all the b,’s.

PRrROBLEM 7.10. Show that each b,, can be written as b, = az + by
for some integers z and y.

PrROBLEM 7.11. Conclude that there exist integers z and y such
that ged(a,b) = az + by.

This result is a very important fact in number theory, called Bézout’s
Lemma. An interesting application is a new categorization of prime
numbers.

PROBLEM 7.12. Show that if p is prime, and a and b are integers
such that abis a multiple of p, then at least one of a and b is already
a multiple of p.

PROBLEM 7.13. Show that if n is composite, then there exist in-
tegers a and b such that neither a nor b is a multiple of n, but ab is a
multiple of n.
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