WORKSHEET 9

Counting Using Binomial Coefficients

We met the binomial coefficients (}) = Wlk)' in the previous
worksheet, thanks to their appearance in Pascal’s triangle. But they
also show up in many other places.

PRrROBLEM 9.1. How many ways are there to select a k-member
committee from among n people?

PROBLEM 9.2. Let m and n be positive integers. How many paths
are there from (0,0) to (m,n) taking steps that go either one unit to
the right or one unit up?

ProBLEM 9.3. How many ways are there to choose a committee
(of any size) from among n people, then choosing one member of the
committee to be the president? Can you solve this problem in two
different ways and obtain an interesting identity involving binomial
coefficients?

We now turn to a very important technique involving binomial
coefficients, used to solve problems that initially do not appear to be
well-suited to binomial coefficients. This method, called the stars and
bars technique, involves setting up several objects, which are initially
vertical bars, and then converting some of the bars into stars. Another
variation involves setting up a bunch of stars, then placing bars in some
of the gaps between consecutive stars.

PROBLEM 9.4. Suppose we start with n bars in a row. How many
ways are there to convert k of the bars into stars?

PROBLEM 9.5. Suppose we start with n stars in a row. How many
ways are there to place k bars in some of the gaps between adjacent
stars? Each gap is only allowed to contain at most one bar.

PROBLEM 9.6. How many ways are there to write a positive integer
n as a sum of k positive integers, where order matters? For instance,

the representations 14+ 1+ 3 and 1+ 3 + 1 for 5 are considered to be
different representations.

PROBLEM 9.7. A bagel shop sells 8 different types of bagels. How
many ways are there to select a box of a baker’s dozen (i.e. 13) bagels?
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28 9. COUNTING USING BINOMIAL COEFFICIENTS

Two boxes are considered the same if they contain the same number of
each type of bagel.

PRrROBLEM 9.8. How many ways are there to write a nonnegative
integer n as a sum of k¥ nonnegative integers, where order matters?

PROBLEM 9.9. How many n-digit numbers are there whose digits
are strictly increasing from left to right?

PROBLEM 9.10. How many n-digit numbers are there whose digits
are nondecreasing from left to right? (In other words, this is the same
as the previous problem, but now consecutive digits can be equal.)

PROBLEM 9.11. Suppose you have m cats and n dogs. How many
ways are there to select a total of r animals? Can you solve this prob-
lem in two ways and obtain an interesting identity involving binomial
coefficients?

PrOBLEM 9.12. Can you express the sum
n\> n\> n\> n\?
(6) + () + () ++(0)
in closed form, i.e. without using a sum over a variable number of
terms?
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