WORKSHEET 18

Vieta’s Formulae

There are two basic ways we can represent a polynomial: either
in terms of its coefficients, or in terms of its roots. That is, if we
have a polynomial f(z) = anz™ + ap—12" 1 + -+ + a1z + ag, with
complex roots 71,73, ...,T,, then we can factor it as f(z) = an(z —
r1)(x —ry)---(x — ry). Note that f might have fewer than n complex
roots, because some of them could be repeated, such as in the case of
f(z) =2? —2x +1 = (z — 1)°. We need to count each root with the
correct multiplicity.

Since we have two representations for the same polynomial, there
ought to be some relations between the two of them.

PROBLEM 18.1. Suppose f(z) = 22 +ax + b = (z — r1)(z — 72).
Express a and b in terms of ry and 2.

PRrOBLEM 18.2. Suppose f(z) =23 +az? + bz +c= (z —r1)(z —
r9)(x — r3). Express a, b, and c¢ in terms of 7, rp, and 3.

PROBLEM 18.3. More generally, suppose f(z) = 2" + an—12" ! +
po2x" 2+ - +az+ag=(x—711)(x—7r2) - (£ —ry). Express the
a;’s in terms of the r;’s.

PROBLEM 18.4. Finally, do the general case, where f(z) = a,2™ +
Ap_ 12" 4@y +ag = an(z—71)(x—"73) - - - (T —7y). The formulae
you should have ended up with are called Vieta’s formulae.

As you can see, the case where the leading coefficient (ay) is equal
to 1 can be used to do the general case and leads to slightly cleaner
formulae, so from now on we’ll just assume that a,, = 1 unless otherwise
noted. A polynomial with leading coefficient equal to 1 is said to be a
monic polynomial.

PROBLEM 18.5. Let f(z) = 2" + @p_12" ' + ap22™" 2 + --- +
a1 + ag have roots r1,72,...,m,. Express r? + 73 + --- + 72 in terms
of the a;’s.

PRrROBLEM 18.6. With notation as in the previous problem, express
?1I+5"1§+"'+?1J in terms of the a;’s.

PROBLEM 18.7. Let f(z) = 23 + ax? + bz + ¢ have roots «, §8,7.
Find a polynomial whose roots are a+2, 8+ 2,7+ 2, in terms of a, b, c.
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56 18. VIETA’'S FORMULAE

PROBLEM 18.8. With notation as in the previous problem, find a
polynomial whose roots are o2, 32, 2.

PROBLEM 18.9. With notation as in the last two problems, find a

pelynomial whose roots are %, %, % (Assume that none of a, 3, are
0.

PRrROBLEM 18.10. With notation as in the last three problems, find
a polynomial whose roots are af, 8y, ay.
PROBLEM 18.11. Solve the system of equations
a+p+y=17,

aff + By + ay =92,
afy = 160.
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